Abstract. Let G be a connected linear algebraic group over an algebraically closed field k , and let H be a connected closed subgroup of G . We prove that the homogeneous variety G/H is a rational variety over k whenever H is solvable, or when dim(G/H) 10 and char(k) = 0 . When H is of maximal rank in G , we also prove that G/H is rational if the maximal semisimple quotient of G is isogenous to a product of almost-simple groups of type A , type C (when char(k) = 2 ), or type B 3 or G 2 (when char(k) = 0 ).
Introduction
Let k be an algebraically closed field of arbitrary characteristic p ≥ 0 . Throughout this paper, we work only with the Zariski topology on varieties or algebraic groups over k . By a result that goes back to Chevalley when char(k) = 0 (cf. [Ch54, §2, Cor. 2 to Th. 1]) and to Rosenlicht for arbitrary char(k) (cf. [Ro57,  end of §3]), a connected linear algebraic group G over k is a rational variety: the field k(G) of rational functions on G is a purely transcendental extension of k . If H ⊆ G is any closed subgroup, the homogeneous variety G/H is thus unirational: its field k(G/H) of rational functions is contained in a purely transcendental extension of k (namely, k(G) ). It is thus natural to consider the following: This is a long-standing question in algebraic geometry, known as the rationality problem. When H is not assumed to be connected, the answer is negative in general; see remark 1.3 below. When H is connected, the rationality problem in the generality of 1.1 is open even when char(k) = 0 . The problem was mentioned (possibly for the first time) in [Ha84] , in which it was suggested that the answer is negative in general even when H is connected, although no counter-example is known to date. However, affirmative answers have been established in several cases; for instance, the rationality of G/H when dim(G/H) 4 and char(k) = 0 was proved in [MU83, Lemma 1.15].
A more general form of the rationality problem is concerned with the rationality of the field k(X)
H when X itself is a rational variety on which a linear group H acts. Two typical versions of this problem have been considered in the literature: namely, when X is the underlying vector space of a finite dimensional representation of H , and when X is the underlying variety of a connected group H acting on itself by conjugation; see [CTS07] for a survey of the former, and [CTKPR11] for works on the latter. The variant 1.1 of the rationality problem we consider in this paper amounts to the case when X is the underlying variety of a connected group G on which a subgroup H acts by right multiplication. Our goal is to give several more criteria under which one can establish an affirmative answer to this variant of the rationality problem, and to the extent possible, in a characteristic-free manner.
1.2.
Here, we give an overview of the main results of this paper. We refer the reader to theorems 2.9, 3.1, 4.4 and 5.9 for the precise statements.
In theorem 2.9, we show that G/H is rational for any closed subgroup H contained in a Borel subgroup B of G ; in particular, this is so whenever G or H is connected and solvable (for then H is necessarily contained in some Borel subgroup of G ). This result holds for any characteristic of k and is probably folklore to the experts, although it seems not to have appeared in the literature.
It is analogous to a theorem of Miyata (cf. [Mi71] ) asserting that the field k(V ) H is a purely transcendental extension of k when H is a linear group and V is a finite dimensional representation of H which is triangularizable. We establish theorem 2.9 via a certain splitting principle for the quotient map G G/B (cf. cor. 2.5) which was "morally speculated" by Prof. V. Popov in a conversation with the second author. The main tools needed are some classical results of Rosenlicht (cf. lemmas 2.1 and 2.4).
In theorem 3.1, we show that G/H is rational for any connected closed subgroup H of maximal rank in G , if the maximal semisimple quotient of G is isogenous to a product of almost-simple groups of type A , type C (when char(k) = 2 ), or type B 3 or G 2 (when char(k) = 0 ). Here, the main ingredient is the Borel- de Siebenthal algorithm (cf. [BdS49, Th. 6 ] and the algebraic group version in [Le, prop. 6.6]) classifying maximal connected reductive subgroups of maximal rank in a given connected semisimple group. We also employ general structural results of algebraic groups such as the Bruhat decomposition (cf. lemma 3.3), the theorem of Borel-Tits (cf. lemma 3.5), as well as properties of special groups (in the sense of Serre). Our theorem 3.1 may be compared with [CTKPR11, Th. 0.2], where the authors prove, among other things, that for an almost-simple group G of type A or C , acting on itself by conjugation, the field extension k(G)/k(G) G is purely transcendental.
In sections 4 and 5, we assume char(k) = 0 and use geometric arguments (cf. lemma 4.1) to show the rationality of certain low dimensional homogeneous varieties G/H , our starting point being the classical theorems of Lüroth and Castelnuovo (cf. lemma 4.2) asserting the rationality of unirational varieties of dimension 2 (over our algebraically closed field k of characteristic zero). We show in theorem 4.4 that G/H is rational whenever dim(G/H) 5 , and in theorem 5.9 that if H is connected, G/H is rational whenever dim(G/H) 10 .
We follow the approach in [MU83, Lemma 1.15] of reducing to the case when G is semisimple, but we utilize new ingredients such as the geometry of the big cell and the structure of the centralizers of subtori in a connected reductive group X/H characterized up to birational equivalence by the equality k(X/H) = k(X) H of rational function fields. * The k -inclusion k(X/H) ⊆ k(X) of fields induces a dominant rational map X X/H , called the rational quotient map, which is H -equivariant with respect to the trivial action on X/H , and has the universal property that any dominant rational map from X which is constant on general H -orbits in X factors through it. Thus, if G is a connected linear algebraic group and H ⊆ G is a closed subgroup, the homogeneous space G/H of Hcosets in G is regarded as the rational quotient of the variety G by the right multiplication action of H . Similarly, if K ⊆ G is another closed subgroup, the space of double cosets K\G/H is both the rational quotient of the variety K\G by the right multiplication action of H , as well as the rational quotient of the variety G/H by the left multiplication action of K .
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Quotients by subgroups contained in a Borel
In this section, we work over an algebraically closed base field k of arbitrary characteristic, and we consider the rationality problem 1.1 for G/H when H is contained in a Borel subgroup of G . Our goal is to establish theorem 2.9. We first review some classical results and arguments. H on the field k(X) (i.e. K acts trivially on an open dense subset of X ), then X ′ = X/K is (birational to) X itself, and hence X/H is birational to X/H ′ .
In other words, in forming the rational quotient X/H , we may replace H by its image in the birational automorphism group Aut(k(X)) of X . This is also clear from the characterization of the rational quotient by its rational function field.
Let H be a linear algebraic group acting rationally on a variety X . The action is called generically free iff there exists an open dense subset U ⊆ X such that for every x ∈ U , the stabilizer subgroup x H := {h ∈ H | x· h = x} is trivial. An easy example of a generically free action is the right multiplication action of H on a connected linear algebraic group G which contains H as a closed subgroup.
A generically free action is necessarily generically faithful, i.e. the homomorphism 
This is the birational analogue of the classical statement that a principal bundle with a section is trivial.
Proof. We assume that M acts on X from the right. Replacing X by another birational model, we may assume (cf. [Ro56, Th. 1]) that the action is biregular, so that one has a quotient morphism π : X → X/M . Since the singular locus of X is stable under the action of M , and the action is generically free, we may replace X by an open dense subset and assume that X is non-singular and that the action is in fact free, i.e. the stabilizer subgroup x M is trivial for every x ∈ X . Likewise, shrinking X/M (and X correspondingly) if necessary, we also assume that X/M is non-singular. Further replacing X/M by the domain Dom(s) of the rational section s and X by π −1 (Dom(s)) , we may assume that s : X/M → X is a regular section, i.e. a morphism such that π • s = id X/M .
Thus we have a bijective morphism
. Since X/M and X are normal varieties, we may apply [Bo91, Lemma 6.14(ii)] to infer that f is in † After the second author gave a talk at Fudan University on a preliminary version of this paper, the PhD student JinSong Xu of the host Professor Meng Chen informed us of an independent proof of this result in the case when X is a homogeneous variety.
fact an isomorphism. This shows the main assertion of the lemma. The final claim follows by passing to the quotient by H . 
Proof. Since M is connected solvable, we can find a sequence of connected normal
For each i ∈ {0, . . . , r−1} , we will show that X/M i is birational to X/M i+1 or (X/M i+1 ) × P 1 ; by descending induction on i , it would then follow that Proof. Apply lemma 2.6 to the natural left action of M on X := M/H , and note that the rational quotient M\X of X by M is a point.
Remark 2.8. In lemma 2.6, the connected solvable group M acts on a variety X which is not necessarily a group; this mildly generalizes [Ro56, Cor. 1 to Th. 10], and will be very convenient for us later on. However, cor. 2.7 which is deduced from lemma 2.6 does not give the best result: the quotient variety M/H there is in fact isomorphic to a product of copies of G a and G m ; see [Ro63, Theorem 5 ]. Both results, as well as lemma 2.4, hold for split connected solvable linear algebraic groups over an arbitrary base field, by essentially the same argument. We record below some reduction arguments which will be useful later on.
Lemma 2.10. Let G be a connected linear algebraic group and let H ⊆ G be any closed subgroup. Let R := R(G) be the solvable radical of G , let
be the maximal semisimple quotient of G , and let
Proof. By lemma 2.6 applied to the natural left action of R on G/H , we see that G/H is birational to (G/HR) × P s for some s dim R . The result follows from
Lemma 2.11. For i = 1, 2 , let M i be a connected solvable group acting rationally on a variety X i . Assume that X 1 /M 1 is birational to X 2 /M 2 , and that
Proof. By lemma 2.6,
Quotients by connected subgroups of maximal rank
We continue to work over an algebraically closed base field k , of arbitrary characteristic unless otherwise stated. Let G be a connected linear algebraic group. The maximal semisimple adjoint quotient G of G decomposes as a direct 
We prove this in 3.7; the essential case is when G is simply-connected and almost-simple. To reduce to this case, let G i denote the simply-connected cover of the adjoint factor G i , let H i denote the image of H in G i , and let H i denote the preimage of H i in G i .
Lemma 3.2. With the above notation, each H i is a subgroup of maximal rank in
where
Proof. Let G ′ := G/R be the maximal semisimple quotient of G . The image
of G ′ , and consider the quotient isogeny q : In our notation above, we can thus writeG as the direct productG = G 1 × · · · × G ℓ ; the subgroupH , which is of maximal rank inG , is then of the form
The lemma follows.
To proceed further, let us first review some preliminary results pertaining to the rationality of G/H in the greater generality when G is a connected reductive group and H ⊆ G is any closed (connected) subgroup.
Lemma 3.3. Let G be a connected reductive group, and let P ⊆ G be a parabolic subgroup. Then G/P is rational, and the rational quotient map G G/P admits a rational section.
Proof. This is a standard consequence of the Bruhat decomposition; we give a detailed proof here for the sake of clarity. 
is a birational map. With respect to the trivial action on V − I and the natural right action of P on P and on G , the map f is P -equivariant. Thus it induces the birational map V − I G/P , showing that G/P is rational. The inverse birational map yields the desired rational section of G G/P . 
The first inclusion gives H ⊆ P ; the second inclusion forces P to be a proper parabolic subgroup, contradicting our hypothesis on H . Hence H is reductive. Now suppose G is connected semisimple. If H is not semisimple, its center Z(H) is of positive dimension, and we may choose a non-trivial 1-parameter
there is a unique closed subgroup P (λ) ⊆ G characterized by the property that
) has a specialization in G when t ∈ G m specializes to 0; moreover, one knows that P (λ) is a parabolic subgroup of G , and that the image of λ is contained in the solvable radical of P (λ) . As G is semisimple, this last fact forces P (λ) to be a proper parabolic subgroup of G . But since H centralizes λ by construction, the characterizing property of P (λ) shows that H ⊆ P (λ) , contradicting our hypothesis on H . Thus H is semisimple.
Recall that an algebraic group M over k is called special (in the sense of Serre) sponding to a simple root α of G whose corresponding coefficient n α for the longest root α 0 of G is a prime number. Moreover, one has the exact sequence
whereM is the simply-connected cover of M , n hence by cor. 2.7, it is a rational variety.
3.7.
Proof of theorem 3.1. We can now establish our main theorem in this section. By lemma 3.2, we are reduced to showing that when G is a connected simplyconnected and almost-simple group of type A , type C (when char(k) = 2) , or type B 3 or G 2 (when char(k) = 0) , and H G is a connected proper closed subgroup of maximal rank in G , then G/H is rational. We proceed by induction on the common rank n of G and H , the case of n = 0 being trivial. Henceforth assume that n 1 , and that our conclusion holds for groups of the stated types of lower ranks.
Suppose H is contained in some proper parabolic subgroup P G . By cor. 3.4, G/H is birational to (G/P ) × (P/H) , and by lemma 3.3, G/P is rational. If G is of type A , C or G 2 (resp. type B 3 ), the adjoint factors of P are all of type A (resp. type A 1 or C 2 ), and the ranks of these factors are strictly lower than that of G . By lemma 3.2 applied to H ⊆ P and our induction hypothesis, we see that P/H is rational, and hence G/H is rational.
If G is of type A n for n 1 , the Borel-de Siebenthal algorithm shows that every connected proper subgroup H G of maximal rank in G is contained in some proper parabolic subgroup of G ; our proof of theorem 3.1 is therefore complete in this case.
If G is of type C n for n 2 and char(k) = 2 , we are reduced to the case when H G is not contained in any proper parabolic subgroup of G and is therefore semisimple by lemma 3.5. We let M G be a maximal connected
proper subgroup containing H ; thus M is also of maximal rank in G , and is not contained in any proper parabolic subgroup of G , and by lemma 3.5, M is semisimple. By prop. 3.6, G/H is birational to (G/M) × (M/H) , and G/M is rational (because char(k) = 2 ); moreover, the adjoint factors of M are all of type C , and the ranks of these factors are strictly lower than that of G . By lemma 3.2 applied to H ⊆ M and our induction hypothesis, we see that M/H is rational, and hence G/H is rational.
In the remaining cases, G is of type B 3 or G 2 with char(k) = 0 , and H G is not contained in any proper parabolic subgroup of G ; again, H is semisimple by lemma 3.5. The rationality of G/H is then established directly using results in section 5, and we defer the proof of these cases to cor. 5.12. The proof of theorem 3.1 is thus completed -modulo the use of cor. 5.12 for the low dimensional cases. 
Low dimensional homogeneous varieties
From now on, we work over an algebraically closed base field k of characteristic 0. In this and the next section, we apply geometric methods to study the rationality problem 1.1. Our goal is to establish theorems 4.4 and 5.9 asserting the rationality of all homogeneous varieties G/H of sufficiently low dimensions, thereby answering the rationality problem 1.1 affirmatively in these cases. In this section, we place no restriction on the connectedness of H , while in section 5, we extend our rationality results further when H is assumed to be connected. The following argument will be used several times in both sections. 
(c) f is generically finite; Recall that a unirational curve over any field is rational by Lüroth's theorem, and a unirational surface over an algebraically closed field of characteristic 0 is rational by Castelnuovo's rationality criterion. Hence over our algebraically closed base field k of characteristic 0, a unirational variety is rational if its dimension is 2 .
Lemma 4.2. Let G be a connected linear algebraic group, and let B ⊆ G be a
Borel subgroup of G . For any closed subgroup
Proof. The underlying variety of G is rational (cf. [Ch54] ); the space of double cosets B\G/H , being dominated by G , is therefore a unirational variety. Hence our hypothesis on its dimension implies that B\G/H is rational. By lemma 2.6 applied to the left action of B on G/H , it now follows that G/H is rational.
Lemma 4.3. Let G be a connected semisimple group with maximal torus T , and let B ⊆ G be a Borel subgroup of G containing T . For any closed subgroup H ⊆ G , one has dim(B\G/H) dim(T \G/H) ; and if equality holds, then G/H
is rational. 
Low dimensional homogeneous varieties, continued
In this section, we consider the rationality of G/H when H ⊆ G is a connected closed subgroup. We still work over an algebraically closed base field k of characteristic 0. In the series of lemmas below leading up to the main theorem 5.9
of this section, we adopt the following hypotheses and notation.
5.1. Let G be a connected semisimple group, and let H ⊆ G be a connected closed subgroup. We fix once and for all: We also set
and hence ( * * )
We will consider these rational maps in the series of lemmas below leading up to theorem 5.9.
Lemma 5.2. In the situation of 5.1:
and if equality holds, then
G/H is rational.
Proof. The Bruhat (big cell) decomposition of G shows that B − \G/U H contains a Zariski-dense constructible subset B − \B − U/U H which is birational to U/U H ; in turn, this is rational by cor. 2.7. Since dim(U/U H ) = u G − u H , we see that since dim X 1 dim X 2 , lemma 2.11 is applicable and shows that the rationality of X 1 implies that of X 2 = G/H . This completes the proof of the lemma.
Lemma 5.5. In the situation of 5.1, set
Proof. First note that d 0 by the existence of the dominant rational map ϕ in the diagram ( * * ) of 5.1. The torus L is of finite index in the diagonalizable group We now proceed to prove our claim that U ⊆ U D · U H . The torus T normalizes U − , and so it acts regularly from the left on U − \G/B H , which contains
by the Bruhat (big cell) decomposition of G . Hence L acts trivially from the left on U − \U − B/B H . This means that for any b ∈ B and any ℓ ∈ L , one has
Thus v 1 ∈ U − ∩ B = {1} , and if we write b 1 = t 1 · u 1 (with t 1 ∈ T H , u 1 ∈ U H ) and b = t· u (with t ∈ T , u ∈ U ), then reducing modulo U shows that ℓ = t 1 in T . Hence, for any b ∈ B and ℓ ∈ L , there exists u 1 ∈ U H such that
Specializing this relation to the case when b lies in U H , we see that L normalizes U H , and hence L· U H is a connected subgroup of B containing L as a maximal torus. Specializing the relation to the case when b equals u ∈ U , we see that
We have thus shown that for any u ∈ U , there exists u 2 ∈ U H (depending on u ) such that u· u 2 ∈ U D . Hence U is contained in U D · U H , and our claim follows.
Lemma 5.6. In the situation of 5.1:
Proof. The Bruhat (big cell) decomposition of G shows that U − \G/B H contains a Zariski-dense constructible subset U − \U − B/B H which is birational to B/B H ; in turn, this is rational by cor. 2.7.
we see that U − \G/B H is rational and of that dimension; this shows part (a).
For part (b), consider the dominant rational maps γ and ϕ in the diagram ( * * ) of 5.1, which give the inequalities
If dim(B − \G/H) 2 , the rationality of G/H follows from lemma 4.2, while if one has dim(B − \G/H) = dim(B − \G/B H ) , the rationality of G/H follows from lemma 5.4. In the remaining cases, our hypothesis yields
; the rationality of G/H now follows from lemma 5.5.
Lemma 5.7. In the situation of 5.1, suppose H is reductive; set Proof. Part (a) of the lemma is established along the same lines as part (a) of lemma 5.5, using the generically faithful right action of
passing to the quotient and applying lemma 2.2 to get 
it is a connected reductive subgroup of H containing the maximal torus T H , and a Borel subgroup is given by
We claim that U is equal to the Zariski closure U E · U H of the image of multiplying U E and U H in G . Assuming this for the moment, we infer that
We have the natural inclusion map
Here, since H is reductive by hypothesis, one has u(H) = 0 , and so by the dimension formula ( * ) in 5.1, we have
On the other hand,
Thus dim E/E H = dim G/H , which shows that the locally closed subvariety E/E H of G/H is in fact a Zariski-open subset, whence G/H and E/E H are birational to each other. This is the key fact needed for showing parts (b) and (c) of the lemma. For part (b), we note that K is a normal subgroup of both E
and E H ; if we let E := E/K and E H := E H /K denote the respective quotient groups, then E/E H is naturally isomorphic to E/E H , and the morphisms
are E -equivariant with respect to the natural left actions of E . But K acts trivially on E/E H by construction, so it also acts trivially on G/H . Hence K is contained in the kernel of the natural left action of G on G/H ; if this kernel is zero-dimensional, so is K , which is to say t K = 0 . For part (c), if we have e = 0 , then t K = t H , so K = T H is the maximal torus of H , and it is therefore self- 
Thus v 1 ∈ U − ∩B = {1} , and reducing modulo U shows that k = t 1 in T ; hence
containing K as a maximal torus; the above discussion shows that u −1 · K· u is also a maximal torus in K· U H , so it is U H -conjugate to K : there exists u 2 ∈ U H such that (u· u 2 ) −1 · K· (u· u 2 ) = K , or equivalently, u· u 2 ∈ U ∩ N G (K) . But since U is connected and solvable, by [Hu75,
We have thus shown that for a point u ∈ U in general position, there exists u 2 ∈ U H (depending on u ) such that u· u 2 ∈ U E . This establishes our claim and hence completes the proof of the lemma as well.
Lemma 5.8. In the situation of 5.1, suppose H is reductive; if
Proof. Consider the dominant rational maps γ and α in the diagram ( * * ) of 5.1, which give the inequalities
If dim(B − \G/H) 2 , the rationality of G/H follows from lemma 4.2; henceforth, assume that dim(B − \G/H) 3 . We have dim(B − \G/U H ) 4 by our hypothesis and lemma 5.2. Hence among the two inequalities in the above display, equality holds for at least one of them. The rationality of G/H then follows from lemma 5.4 or lemma 5.7 respectively.
We are now in a position to show our main result of this section. Proof. By lemma 2.10, we may replace G by its maximal semisimple quotient; henceforth we assume that G is semisimple and adopt the notation of 5.1. By the dimension formula ( * ) in 5.1, we have
, the rationality of G/H follows from lemma 5.6, while if u G −u H 3 , the rationality of G/H follows from lemma 5.2. In the remaining cases, our hypothesis dim(G/H) 10 together with the above dimension formula imply that
Hence H is reductive, and the rationality of G/H now follows from lemma 5.8.
With a bit more work, we can establish a slightly technical but also more applicable result in theorem 5.11. First, we note that the dimension formula
of lemmas 5.6 and 5.2 yields:
Lemma 5.10. In the situation of 5.1, the following are equivalent: Proof. We adopt the notation of 5.1. Our hypothesis on the action of G on G/H together with lemma 5.7 gives e = t H , which by lemma 5.10 means that
Since H is reductive by hypothesis, one has u(H) = 0 , and so by the dimension formula ( * ) in 5.1, we have
Hence our assumption that this is < t G + t H + 8 amounts to the inequality
If dim(B − \G/H) 2 , the rationality of G/H follows from lemma 4.2. In the remaining case, by the inequality in lemma 5.4, we must have
whence equality holds throughout, and the rationality of G/H follows from lemma 5.4 again.
Corollary 5.12. Let G be a connected group which is almost-simple of type B 3
or G 2 , and let H ⊆ G be a connected semisimple subgroup of maximal rank in
Proof. Since the case when H = G is trivial, we shall assume that the connected semisimple closed subgroup H G is properly contained in G . The natural left action of G on G/H is thus non-trivial, and since G is almost-simple by hypothesis, the kernel of the action is zero-dimensional; hence theorem 5.11 is applicable whenever the required bound on dim(G/H) holds. As H is semisimple, we have the crude lower bound dim H 3n where n denotes the common rank of G and H . From the following table of values:
we see that dim(G/H) < n + n + 8 in each of the cases considered, whence theorem 5.11 yields the rationality of G/H .
We note that cor. 5.12 completes the proof of theorem 3.1 in 3.7.
Concluding remarks
In this final section, we indicate a few other cases in which our results yield an affirmative answer to the rationality problem 1.1. We still work over an algebraically closed base field k of characteristic 0. Proof. As in the proof of the previous result, when dim H 4 or when dim H 2 , the rationality of G/H follows from theorem 5.9 or theorem 2.9 respectively. Henceforth we assume that dim H = 3 and that H is not solvable. This means that H is semisimple of type A 1 ; in particular, dim(G/H) = 11 .
Let R = R(G) be the solvable radical of G . If dim(G/HR) < dim(G/H) = 11 , then G/HR is rational by theorem 5.9, and so G/H is rational by lemma 2.10.
Hence we may assume that dim(G/HR) = dim(G/H) = 11 , which means H = HR is a connected closed subgroup of G containing R in its radical; since H is semisimple, this forces R to be trivial, and hence G is also semisimple. By the classification of semisimple groups, dim G = 14 implies that G is either of type A 2 +2A 1 or of type G 2 . In the former case, we have u G −u H = (3+2)−1 = 4 and the rationality of G/H follows from lemma 5.8. In the latter case, we are in the possible exceptional situation of the proposition.
When the homogeneous variety G/H is of dimension 10 , the rationality problem 1.1 has been answered affirmatively in theorem 5.9. We consider the cases when G/H is of dimension 11 and 12 in prop. 6.3 and 6.4 below. To put the homogeneous variety G/H in a somewhat "reduced form", we impose the hypothesis that G acts on G/H with a zero-dimensional kernel; by lemma 2.1, this can always be achieved without changing the birational type of G/H by replacing G and H by their images in Aut(k(G/H)) . Proof. We adopt the notation of 5.1. If H is contained in some proper parabolic subgroup P of G , then by cor. 3.4, G/H is birational to (G/P ) × (P/H) , and by lemma 3.3, G/P is rational. Since dim(P/H) dim(G/H) − 1 = 10 , theorem 5.9 shows that P/H is rational, and the rationality of G/H follows.
Henceforth we assume H is not contained in any proper parabolic subgroup P of G ; thus by lemma 3.5, H is semisimple.
Proceeding as in the proof of theorem 5.9, we see that G/H is rational if
(by lemma 5.8). In the remaining cases, our hypothesis dim(G/H) = 11 together with the dimension formula ( * ) in 5.1 imply that
By lemma 5.2, we have dim(B − \G/U H ) = u G −u H which is = 5 here, so we may argue as in the proof of lemma 5.8 to see that G/H is rational except possibly
In this case, our hypothesis on the action of G on G/H together with lemma 5.7
gives e = t H in the notation there, which by lemma 5.10 means that dim( Proof. Again we adopt the notation of 5.1, but note that u(H) = 0 by hypothesis here. As in the proof of the previous result, we see that G/H is rational if
In the remaining cases, our hypothesis dim(G/H) = 12 together with the dimension formula ( * ) in 5.1 imply that
is equal to (6, 0) or (5, 2).
Our hypothesis on the action of G on G/H together with theorem 5.11 shows that G/H is rational if 12 = dim(G/H) < t G + t H + 8 ; henceforth we assume that t G + t H 4 .
In the first case above, we have t G = t H 2 . By the classification of semisimple groups, this implies dim G 14 , and hence dim H = dim G − dim(G/H) 2 .
This means that H is solvable, and so G/H is rational by theorem 2.9.
In the second case above, we must have t H = 1 and t G = t H + 2 = 3 . Again, if H is solvable, then G/H is rational by theorem 2.9; henceforth we assume that H is not solvable. This means that H is semisimple of rank t H = 1 and hence of type A 1 , and G is a semisimple group of rank t G = 3 , with dim G = dim(G/H) + dim H = 15 . By the classification of semisimple groups, this implies G is of type A 3 , and we are in the possible exceptional situation of the proposition.
In view of the possible exceptional situations in prop. 6.2 and 6.3, our rationality results do not entirely cover the case when G is the simple group of type G 2 , and we are thus lead to pose the following: Proof. Let R := R(G) be the radical of G . By lemma 2.10, G/H is birational to G ′ /H ′ × P s for some s dim R , where G ′ = G/R is the maximal semisimple quotient of G , and H ′ = H/(H ∩ R) is the image of H in G ′ . Since G/H is non-rational, so is G ′ /H ′ , whence the minimality of dim(G/H) implies that s = 0 , i.e. G/H is birational to G ′ /H ′ . Since G acts faithfully on G/H by assumption, while R acts trivially on G ′ /H ′ , it follows that R is trivial and G is semisimple.
Suppose H is contained in a proper parabolic subgroup P of G . Since dim(P/H) is strictly smaller than dim(G/H) , the minimality of dim(G/H) forces P/H to be rational. But G/P is rational by lemma 3.3, while by cor. 3.4, G/H is birational to (G/P ) × (P/H) and hence is rational, contradicting our assumption of the non-rationality of G/H . Hence H is not contained in any proper parabolic subgroup of G . By lemma 3.5, it follows that H is semisimple.
This proves part (a).
Suppose the closed subvariety N G (H)/H of G/H has positive dimension.
Choose a connected 1-dimensional closed subgroup M in N G (H)/H , and let M ⊆ N G (H) be its preimage in N G (H) . By lemma 2.6 applied to the natural right action of M on G/H , we see that G/H is birational to G/M or to (G/M) × P 1 . Since dim(G/M) is strictly smaller than dim(G/H) , the minimality of dim(G/H) forces G/M to be rational; but this implies that G/H is its irreducible 4-dimensional representation to SL 4 -in the "adjoint" case, the homogeneous space PGL 4 /PGL 2 is known (cf. [PS85] ) to be rational.
